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Introduction
In this paper, we consider the following p-Kirchhoff equation:
where M, f are continuous functions, is a bounded domain in R N with smooth boundary, u p = |∇u| p dx ( < p < N ). Let X be the Sobolev space W ,p  ( ) endowed with the norm u .
Problem (.) began to attract the attention of researchers mainly after the work of Lions [] , where a functional analysis approach was proposed to attack it. Since then, much attention has been paid to the existence of nontrivial solutions, sign-changing solutions, ground state solutions, multiplicity of solutions and concentration of solutions for the following case:
See [-] and the references therein. For example, Wu [] showed that problem (.) has a nontrivial solution and a sequence of high energy solutions by using the mountain pass theorem and symmetric mountain pass theorem. Similar consideration can be found in Nie and Wu [] , where radial potentials were considered. Chen 
et al. [] treated equation (.) when f (x, t) = λa(x)|u|
q- u + b(x)|u| r- u ( < q < p =  < r <  * ). Using the Nehari manifold and fibering maps, they established the existence of multiple positive solutions for (.). However, the study of problem (.) becomes more difficult since M is a general function. Alves et al. [] and Corrêa and Figueiredo [] showed that the problem has a positive solution by the mountain pass theorem, where M is supposed to satisfy the following conditions:
In [], Liu established the existence of infinite solutions to a Kirchhoff-type equation like (.). By the fountain theorem and dual fountain theorem, they investigated the problem with M satisfying (M  ) and Instead of (M  )-(M  ), we make the following assumptions on M:
We also suppose that f satisfies the following conditions:
for all x ∈ and |t| ≥ r.
The associated energy functional to equation (.) is
We have the following results by the fountain theorem.
Furthermore, we also consider a special nonlinearity
In this case, the associated energy functional is J λ defined by
Note that this nonlinearity does not satisfy conditions (f  ), (f  )-(f  ). For this case, we will prove that problem (.) has at least two nonnegative solutions by extracting a minimizing sequence from the Nehari manifold, and we will obtain a sequence of weak solutions with negative energy by the dual fountain theorem.
Suppose that M satisfies (M  ), (M  ) and
Then there exists λ  >  such that problem (.) has at least two nonnegative solutions for all  < λ < λ  .
Suppose that M satisfies (M  ) and (M  ). Then problem (.) has a sequence of solutions u
Then we can easily deduce that
The rest of the paper is organized as follows. In Section , we present some properties of (PS) c sequences. The proofs of Theorems .-. are given in Section . Then we establish some properties of the Nehari manifold and give the proofs of Theorems . and . in the last section.
Properties of (PS) c sequences
We say that {u n } is a (PS) c sequence for the functional J if
where X * denotes the dual space of X. If every (PS) c sequence of J has a strong convergent subsequence, then we say that J satisfies the (PS) condition. In this section, we derive some results related to the (PS) c sequence. 
Therefore, {u n } is bounded in X. 
where C  = r -α inf x∈ ,|u|=r F(x, u) > . Then there exists β such that max{ p σ , p} < β < α and
Let {u n } be a (PS) c sequence of the functional J. In the following, we prove that {u n } is bounded in X. Suppose, on the contrary, that {u n } is unbounded. Then we can assume, without loss of generality, that u n → ∞ as n → ∞.
By integrating (M  ), we obtain
and so
Note that
we deduce that
. Since X is a Banach space and v n = , passing to a subsequence if necessary, there is a point v ∈ X such that v n v weakly in X, v n → v strongly in L β ( ), and v n → v a.e. in .
Denote  := {x ∈ |v(x) = }. Then |u n (x)| → ∞ for a.e. x ∈  . By assumptions (f  ), (f  ) and (f  ), we know that there exist constants C  , C  >  such that
Consequently,
If meas(  ) > , then
This is a contradiction. Hence meas(  ) = . So, v(x) =  a.e. in . Moreover, by (f  ), (f  ) and (f  ) we know that there is a constant C  >  such that
But this is again impossible. Therefore {u n } is bounded in X.
Note that α > Proof It follows from the assumptions that
Since ps > , u n is bounded in X.
Proofs of Theorems 1.1-1.3
In this section, we use the following fountain theorem to prove Theorems .-..
Lemma . (Fountain theorem [])
Let X be a Banach space with the norm · , and let X i be a sequence of subspace of X with dim X i < ∞ for each i ∈ N. Further, set
Consider an even functional ∈ C  (X, R). Assume that for each k
Then has an unbounded sequence of critical values.
Proof of Theorem . Since X = W ,p  ( ) is a reflexive and separable Banach space, it is well known that there exist e j ∈ X and e * j ∈ X * (j = , , . . .) such that
In the following, we verify that J satisfies all the conditions of the fountain theorem. . By (f  ), the energy functional J is even. . In view of (f  ) and (f  ), there exist positive constants C  and C  such that
Moreover, inequality (.) implies that there exist constants C  , C  >  such that
Since all norms are equivalent on the finite dimensional space Y k and α > p σ , we have
Then there exists a subsequence of {u k } (not relabeled) such that u k u in X and u, e * j = lim k→∞ u k , e * j =  for all j ≥ . Thus u = . This shows u k  in X and so
For any > , (f  ) and (f  ) imply
where S p is the best Sobolev constant for the embedding of X into L p ( ), i.e.,
p >  and let By (f  ), (f  ) and (f  ), we deduce that for any M > , there exists a constant C(M) >  such that
Since (M  ) implies (M  ), it follows that (.) still holds. Therefore
Note that all norms are equivalent on the finite dimensional space Y k , there exists a constant μ  >  such that
, then there exists large ρ k >  such that
This completes the proof.
Proofs of Theorems 1.and 1.5
In this section, we consider a special case f (x, u) = λ|u| q- u + |u| r- u ( < q < p < r < p * ). In this case, the associated energy functional is
It is well known that the energy functional J λ (u) is of class
) and the solutions of problem (.) are the critical points of the energy functional. Since J λ is not bounded below on X, it is useful to consider the problem on the Nehari manifold
where ·, · denotes the usual duality. Clearly, u ∈ N if and only if
Since N is a much smaller set than X, it is easier to study J λ (u) on the Nehari manifold. Moreover, we have the following result.
Lemma . Assume σ r > p and M satisfies (M  ), (M  ). Then the energy functional J λ is coercive and bounded below on
On the other hand, it follows from (.) that
we deduce that there exist t + , t -such that K u (t + ) = K u (t -) =  and K u (t + ) >  > K u (t -).
Hence t + u ∈ N + and t -u ∈ N -. If for every k ∈ N there exist ρ k > r k >  such that
Proof of Theorem
(B  ) a k := inf u∈Z k , u =ρ k J(u) ≥  as k → ∞,
